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Ab&raet--The laminar flow equations in differential form are solved numerically on a digital computer 
for flow of a very high temperature gas through the entrance region of an externally cooled tube. The solu- 
tion method is described and calculatians are carried out in conjunction with experimental measurements. 
The agreement with experiment is good, with the result indicating relatively large energy and momentum 
losses in the highly cooled flows considered where the pressure is nearly uniform along the flow and the core 
flow becomes non-adiabatic a few diameters do~str~rn of the inlet. The effects ofa large range of ReynoIds 

number and Mach number {viscous dissipation) are also investigated. 
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I. INTRODUCTION 

THIS study was undertaken to acquire a better 
understanding of the actual flow field and 
thermal environment in a very high temperature 
gas flow through a channel. Of particular 
importance in such a flow that may be found 
in devices used in propulsion systems and in 
high temperature research facilities is the de- 
termination of the heat transfer to the channel 
wall which often requires external cooling 
to remain intact. In general the calculation of 
heat transfer depends upon the knowledge of 
many factors such as the flow field, flow regime, 
i.e. laminar, transitional or turbulent, thermo- 
dynamic state of the gas, reaction rates, trans- 
port properties; and in electrical propulsion 
devices, on the presence of electric and magnetic 
fields and their interactions. The flow and 
thermal fields are consequently rather complex 
and not well understood in many devices. 

In this paper laminar flow through an 
externally cooled tube is considered. Whereas 
flows through tubes are usually turbulent in 
most applications, in many very high tempera- 
ture gas flows at moderate pressures this is 
not the case since the Reynolds numbers are 
low enough so that the flow is laminar, e.g. 
below about 2000. This situation is found in 
practice because the density is relatively low 
and the viscosity is relatively high and con- 
sequently viscous forces become increasingly 
more important relative to inertia forces. In 
these relatively low Reynolds number flows 
both the velocity and thermal boundary layers 
grow rather rapidly along the tube for nearly 
uniform conditions at the inlet, and the core 
flow may become non-adiabatic a few dia- 
meters downstream of the inlet. Other features 
of these flows in which the core flow temperature 
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might exceed the cooled wall temperature by 
a factor of 25 [l] are the large property variation 
across the flow, more than an order of magni- 
tude, and the large velocity and temperature 
gradients in the wall vicinity [2]. The steepness 
of the velocity and temperature profiles in the 
vicinity of the cooled wall is an important 
aspect in the numerical calculation of such flows 
since the shear stress and the heat flux at the 
wall, proportional to these gradients, become 
difficult to determine accurately from the finite 
difference calculations. Conventional finite dif- 
ference techniques with a fixed radial increment 
commonly used in a computer program to 
calculate essentially constant property tube 
flows or with wall heating [3,4] or severe wall 
cooling [S], become too lengthy with an 
appreciable amount of wall cooling. The radial 
increments must be made too small in order 
to obtain sufficient detail in the wall vicinity 
to establish gradients accurately. 

The laminar flow equations in differential 
form that are believed to be appropriate in the 
entrance region are solved numerically on a 
digital computer for flow of a monatomic gas 
at very high temperatures, but below those 
temperatures at which ionization [6] or radia- 
radiation effects become important. The im- 
portant viscous stress and heat flux components 
considered are the shear stress in the axial 
direction and the radial heat flux. The analysis 
accounts for variable properties across the 
flow, radial convection and viscous dissipation. 
For internal flows without swirl and longitudinal 
wall curvature as considered herein, the assump- 
tion of uniform pressure across the flow that 
was made is believed to be satisfactory. An 
effort to appraise this assumption was made by 
including the radial momentum equation, but 
the numerical calculations were unstable. 

The numerical calculations are carried out in 
conjunction with experimental results [l] to 
learn as much about the flow under considera- 
tion as possible and to determine the extent 
to which such flows are describable. The experi- 
ments were conducted with argon at inlet 

temperatures up to about 14000”R flowing 
through an externally cooled tube maintained 
at a temperature of 560”R. Static pressures 
and heat fluxes were measured along the tube 
wall and calorimetric probe measurements 
were obtained across the flow at an axial 
location. The Reynolds number based on 
diameter ranged from 450 to about 600; the 
tube length was about 14 radii, and the inlet 
Mach number was about 0.075. 

The analysis and finite difference formulation 
are described first, the latter in Appendix A. 
The numerical calculations are then discussed 
and the results are compared to the experiments. 
After establishing confidence in the numerical 
calculations by virtue of their agreement with 
the experiments, the effects of a larger range 
of Reynolds number and Mach number (viscous 
dissipation) are investigated. 

Although the intent of the paper is not to 
survey methods of calculating internal laminar 
flows, prior theoretical investigations are dis- 
cussed in connection with the problem at hand 
since there is uncertainty in the appropriate 
method that should be used, and there is little 
experimental data available to appraise the 
variable property predictions that have been 
made. Moreover, although primary emphasis 
is placed on describing a calculation scheme 
best fitted to the problem at hand, there is also 
interest in briefly discussing the difficulties 
encountered in carrying out the calculations 
to provide information on the general calcula- 
tion of internal laminar flows, especially those 
with large property variation. 

II. ANALYSIS 

For steady, axisymmetric, laminar flow the 
conservation equations that are taken to des- 
cribe the flow in the entrance region of a tube 
are as follows: 

continuity equation 
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axial momentum equation 

I ,dw’ t raw’ 
Pw~+P”~= -g+g rp’fg (2) 

! ! 

total energy equation 

, ,aw dH; 
p w x + p’u’-&- = 

In these equations where the primes refer to 
dimensional quantities, w’ and u’ are the axial 
and radial velocity components in the z and Y 
direction, respectively and the total enthalpy is 

H, = Eil’ + (w’)2 f w2 
t 2 . 

In this form of the momentum and energy 
equations, the important viscous stress is taken 
to be the shear stress in the axial direction, 
r’ = ,u’ aw’,@r, the important heat flux that in 
the radial direction q’ = -k’ aT’/ar and the 
pressure is taken to be uniform across the flow 
so that p’(z). For the flow under consideration, 
i.e. Reynolds numbers of about 500 and larger 
and a Prandtl number of 5 for non-ionized 
gases these considerations are expected to 
adequately describe the flow based on constant 
property calculations, e.g. see [7-lo]. 

Independent variables are introduced as 
follows 

‘w ‘w 

so that the radial coordinate 5 is 0 at the center- 
line and 1 at the waI1, and the axial distance is 
given in terms of tube radii r,,,. The conserva- 
tion equations are then made dimensionless 
with respect to inlet values at the centerline, 
i.e. c = 0, 4’ = 0 denoted by the subscript i, 

to give 

$(ar) + f$SPU) = 0 

aw uaw Pdp 1 

q= 
------ 

w ai pw d5 + pwRe, 

E!_ u aH, Ir d2T 

at --iTij-+ pwReiPr 5.F 

The parameters in these equations, in addition 
to the Prandtl number Pr = ~‘c~/~ refer to 
the inlet condition and are given by 

pz/.!L-_ ’ 
, 

P:(wy YM’ 

&g= (y - l)M; 

t 1 +=l 
2 

M; 

yA%g = 1 F (7) 

t, 1 +y-1 
2 

Mf 

Other relations that describe the flow under 
consideration are the perfect gas relation p’ = 
p’RT’ which in dimensionless form is 

P=PT (fv 

the viscosity-temperature relation p’( 7”) which 
can be described empirically by the power law 
relation 

fi = T” (9) 

and the total enthalpy which in dimensionless 
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form is 

The parameters Y and K, which are a measure 
of the thermal and kinetic energies in the inlet 
flow are interrelated, 1 = Y+ K/2, since ui = 0 
because of symmetry. 

The following inlet and boundary conditions 
are considered. At the tube inlet the axial 
velocity and enthalpy distributions are pres- 
cribed and the radial velocity is taken to be 
zero, i.e. 

at t=O: “‘= w(C), Hi 
W; 

H’= H,(T), u = 0. 
f, 

(11) 

The tube wall is taken to be impermeable and 
at a specified temperature dictated by external 
cooling so that the enthalpy at the wall is 
known, i.e. 

at [=l; w=O, u = 0, H = H,(t). (12) 

Other boundary conditions along the wall 
could be treated as well, e.g. mass transfer 
cooling by including the diffusion equation too, 
or radiation cooling. 

Along the centerline the radial velocity must 
vanish, and symmetry conditions give 

f3W aH 
at (=O; ~~0, -_=O, --r_=O. 

al al 
(13) 

III. GENERAL CONSIDERATIONS AND 

PREVIOUS ANALYSES 

Before describing the calculations some dis- 
cussion of the treatment of internal flows is 
appropriate with regard to the form of the 
equations that are considered. The system of 
six equations (4H6) and (8)-(10) contain seven 
unknown quantities w, u, H,, T, p, p and p since 
the radial momentum equation has been essenti- 
ally replaced by disregarding any pressure 
variation that may occur radially in a real flow. 
For internal flows without rotation and curved 

walls this assumption appears plausible for the 
Reynolds number range of this investigation. 
Nevertheless, in the early stages of this investiga- 
tion the pressure was allowed to vary radially 
as well as axially, i.e. p’(r, z) by including the 
following form of the radial momentum equation 

a awl p.wfg + @U/g = - !g + az p’_$ ( ) . 

The numerical calculations however were un- 
stable, in that pressure oscillations that were 
calculated across the flow increased in amplitude 
at subsequent axial stations. Similar difficulty in 
trying to include radial pressure variation across 
a flow was found by Baum and Dennison [ 1 l] 
in their numerical calculation of supersonic 
laminar wakes. Although the radial momentum 
equation was not included, the assumption of 
uniform pressure across the flow was thought 
to be satisfactory since the Reynolds numbers 
are not real low and the actual pressure varia- 
tion across the flow is probably unimportant 
in the calculation of quantities of interest, e.g. 
wall heat flux and shear stress for the flows 
under consideration. 

The mathematical form of the equations 
considered herein is not immediately clear; 
there apparently being one more unknown 
quantity than equation when the pressure is 
taken to be invariable across the flow. At first 
sight it would appear that one of the variables, 
preferably the pressure since it is measurable 
along the tube wall, should be specified in 
order to calculate the internal flow variables. 
Alternately, if radial convection were sup- 
pressed, i.e. u = 0, the equations would appear 
to be mathematically determinate, but there is 
no justification for such an a priori presump- 
tion that is known to lead to an overestimate 
of the predicted heat transfer. However, other 
numerical calculations have been carried out 
for the variable property form of the equations 
considered herein without specifying one of the 
variables, nor suppressing the radial velocity 
[3-51. In particular, for the case of a constant 
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property, isothermal flow the three variables 
are the velocity components, w and u and the 
assumed uniform pressure across the flow p(z): 
the two differential equations are those of 
continuity and axial momentum. Bodoia and 
Osterle [12] closed the system of equations by 
adding the integrated continuity equation 
across the flow as also was later done in [13] 

rw 

s 
p’w’~ dv = constant. 

Wendel and Whitaker [14] in commenting on 
the numerical calculations of Bodoia and 
Osterle suggest that the radial velocity is not 
actually being included. Closure of the system 
of equations by adding the integrated continuity 
equation has also been incorporated in sub- 
sequent heat transfer investigations in the 
inlet region of a tube for a constant property 
flow where the energy equation is an uncoupled 
part of the systems of equations, e.g. [ 15-181, 
or for a variable property flow where all the 
equations are coupled [3,5]. Worsoe-Schmidt 
and Leppert [3] argue that for tube flows the 
pressure can only depend on axial velocity when 
the pressure is assumed uniform across the flow 
and therefore invoke the constraint that the 
mass flow be conserved as given by the inte- 
grated continuity. Other constraints have also 
been suggested, e.g. Sparrow, Lin and Lundgren 
[19] use the integrated axial momentum equa- 
tion across the flow in their constant property 
flow field calculations. Diessler and Presler 
[4] propose another method in their investiga- 
tion of uniform heating along a tube by applica- 
tion of the momentum equation along the 
tube wall where the velocity vanishes to specify 
the pressure at the next axial location z + AZ 
from the pressure gradient term with the radial 
gradient of the shear evaluated at the z location. 

It is difficult to judge the implication of those 
methods in which all the flow variables are 
calculated including the pressure when it is 
assumed uniform across the flow by invoking 
one of the various constraints previously men- 
tioned. Clearly, if the radial momentum equa- 

tion is retained the problem is tractable. For 
example, for constant property, isothermal 
flow the second order axial and radial momen- 
tum equations and first order continuity equa- 
tion can be reduced to a set of five first order 
equations for the unknowns w, $wjc?r, u, c7uli;r 
and p(r, z). Correspondingly, there are live 
boundary conditions across the flow: two at 
the wall w = 0, u = 0 and three along the axis, 
u = 0, ilw/& = 0 and c?p,/dr = 0. The treatment 
of variable property flow just introduces the 
second order energy equation with two boundary 
conditions on H, and other relations equations 
(8H10), thereby increasing the set of first 
order equations and boundary conditions to 
seven. However, when the radial momentum 
equation is deleted and the pressure is assumed 
uniform across the flow, i.e. p(z), the set of first 
order equations is reduced by two, but the 
boundary conditions only by one, i.e. (7p/,lL7r is 
redundant. Then perhaps, invoking the mass 
flow constraint is tantamount to utilizing the 
excess boundary condition that can only depend 
on z to effectively be able to calculate p(z) since 
the mass flow constraint requires that the 
radial velocity vanish along the axis as well as 
along the wall, as can be seen by integrating 
the continuity equation (1) across the flow. 
However, the coupling between the conserva- 
tion equations and boundary conditions is more 
complex and should require the satisfaction of 
the integral form of all the conservation equa- 
tions (mass, momentum and energy) at each 
axial step. An attempt was made to satisfy 
these global relations at each axial step as 
described in Appendix B. However, in the 
method the calculated pressure varies across 
the flow, being incompatible with the assump- 
tion of uniform pressure across the flow implied 
in the equations that are being solved. Attempts 
to smooth out the calculated radial pressure 
variation at a given axial location by obtaining 
an average value across the flow p led to an 
unstable scheme since i would oscillate and 
increase in absolute magnitude with successive 
iterations. It is clear that if the pressure is to 
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be calculated a more approximate scheme is 
required that may not satisfy all of the integral 
constraints. 

The point to be made is that there is un- 
certainty in the appropriate method that should 
be used to calculate internal flows, especially 
when properties are variable. Even for constant 
property flows not much information is avail- 
able to appraise the calculations that have been 
made, e.g. see the comparison to internal flow 
measurements in [ 191 and heat transfer measure- 
ments in particular in [I71 although other heat 
transfer measurements have been made, e.g. 
[20]. For variable property flows less informa- 
tion is available. The numerical calculations by 
Incropera and Leppert [S] that included the 
mass flow constraint were carried out for the 
case of a severely cooled tube Ir$/Ti = 0.05 
and the calculations by Worsoe-Schmidt and 
Leppert 133 for the case of wall heating, T’,/Tj 
up to 5 and a moderately cooled tube, TL/T: = 
05. However, neither of these theoretical in- 
vestigations contain comparisons to experi- 
mental data, nor are any predicted wall pressure 
distributions shown. Recent heat transfer 
measurements in [Zl] for a moderate amount 
of uniform wall heating, TL,/Ti up to about 2, 
were however, in reasonable agreement with 
the numerical predictions of [22] which are 
similar to those of Worsoe-Schmidt and Lep- 
pert [3]. But again pressure measurements 
were not indicated. The calculations by Deissler 
and Presler for uniform wall heating show a 
larger pressure drop in the inlet region than for 
constant property flow, but no experimental 
information was presented nor apparently is 
available to appraise their predictions. 

These observations do reveal a need for a 
combined theoretical and experimental study 
with the latter involving both wall pressure and 
heat transfer measurements. In the majority 
of the calculations carried out herein the 
pressure was specified from wall pressure 
measurements. However solutions were also 
obtained where the pressure was also calculated: 
the particular method used is described in 

Section IV and compared to measurements in 
Section V. 

The finite difference formulation is described 
in Appendix A. 

IV. GLOBAL CONSIDERATIONS 

Since there are errors in the finite difference 
approximations that depend upon the mesh 
size and there are numerical round off errors 
to a lesser extent, some method needs to be 
employed to insure that calculated values from 
the iteration scheme converge to the true values. 
Two methods were used: one in which the 
pressure was specified and in the other where 
it was calculated. For the flows discussed in 
Section V where the pressure distribution was 
prescribed from measurements, the continuity 
equation (1) was also satisfied on a global basis 
as it must be 

i,_ - 1, = 0 where I, = b&d& (I4 

This was accomplished by calculating new 
values of the axial velocity w across the flow that 
did satisfy the mass flow constraint after each 
iteration 

1 
W corrected = W computed 

(zm~in~“ttd 
u3 

This scheme is self-corrective i.e. too large 
velocities are made smaller and vice versa, 
since the veIocity is contained in the computed 
integral. These corrected velocities along with 
other variables were then used as the jth 
iterate to obtain the j f 1 iterate (Appendix A). 
The calculation then continues until conver- 
gence within the tolerance c is achieved. By 
not invoking the mass flow constraint at each 
axial step, there was a progressive increase in 
the calculated mass flow rate along the tube that 
amounted to as much as 10 per cent for the 
experiments discussed in Section V where the 
pressure was nearly uniform. 

In addition to satisfying the mass flow con- 
straint the integral form of the conservation 
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equations (2) and (3) (i.e. momentum and 
energy) should be satisfied. In non-dimensional 
form these are 

I ML-&=$P(p- l)+/r,,,d[ (16) 
0 

(17) 

where the momentum and enthalpy integrals 
are 

and the non-dimensional wall shear stress and 
heat flux to the wall are 

5’ 4: 
7, 

=-EL-. 

p;(wf)2 ’ qw=plwjH;i. (19) 

These relations are referred to in Section V, 
also in connection with momentum and energy 
losses in the flow. The integrals were evaluated 
by a fifth order quadrature technique with a 
fifth power error term. 

It was possible to calculate the pressure 
distribution along the flow i.e. p(z) by using the 
the mass flow constraint in conjunction with an 
averaged momentum equation involving a 
balance between the axial convective accelera- 
tion and pressure gradient. In this method, 
the pressure is adjusted so that the axial 
velocity is forced to satisfy the mass flow con- 
straint. Mathematically this means that if 

then w was changed by setting 

Solving this relation for Il\w at each axial step 
and relating this change in velocity to the 
change in pressure from the following form of 
the momentum equation 

gives the following expression for the change 
in pressure after each iteration 

Ap=’ 1 . 
$ ddi J 

0 

This method has the advantage that if too large 
axial veiocities are calculated to be compatible 
with the mass flow constraint then they are 
reduced by calculating a pressure rise and vice 
versa, so that the method converges in subse- 
quent iterations. The actual Ap at each axial 
step is then obtained by adding the Ap’s calcu- 
lated at each iteration Ap = XAp,. Results 
from this method are discussed in Section V. 

A brief discussion of other numerical 
approaches that were attempted appears in 
Appendix B. 

V. NUMERICAL CALCULATION AND 

EXPERIMENTAL RESULTS 

The numerical calculations are appraised by 
comparison with measurements of static pres- 
sure and heat flux along the wall of an externally 
cooled tube and with calorimetric probe and 
spectroscopic measurements across the flow at 
an axial location. The experimental conditions 
for the tests considered herein are shown in 
Table 1. For these measurements which are 
described in detail in [l] the effect of ionization 
was considered to have been comparatively 
small as indicated by the analysis of [6]. 
Thermal radiation from the gas to the wall was 
also considered to have been small as indicated 
by measurements with argon in [23] with a 
window covered cavity for which the contribu- 
tion of the radiative heat flux to the wall did 
not exceed l-2 per cent of the convective heat 
flux over a range of operating conditions that 
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Table 1. Experi~en#al conditions for argonaut zeroes a cooled tube rw = 0.975 in. 

Test No. 

51-H 59-H 63-H 

If;, Btu/lb 1760 
X/K 0.040 

p;wfD 
Re,, = __ 450 

IJcf 
Mi 0.076 

energy fraction 0.017 

4.20 
I&, lb/s OGO944 
T;, “R 13900 

1800 
0.039 

560 

0.019 

5.93 
0.0126 

14200 

1280 
0.055 

590 

0.072 

4-09 
0.0104 

10 300 

span the experimental conditions considered 
herein (pressures from 1 to 6 psia, temperatures 
from 5600 to 17WR enthalpies from 700 to 
24OOBtu/lb and a highly cooled wall, H, 1: @05). 
Confidence in the internal flow conditions was 
established by the good agreement between 
the average enthalpies determined from the 
probe data and the energy balance as well as 
the good agreement of the gas temperature 
determined from the probe data based on 
assumed equilibrium conditions and the excita- 
tion temperature determined from spectro- 
scopic measurements of intensities of atom 
lines by the relative line intensity method [l]. 
The wall heat flux was determined by calori- 
metry in circumferential coolant passages. A 
very good check was found (within 1 per cent) 

4.20 

0.25 1 , I I I I I I 
Test 51-H i 

LCXWVl~ 
H:, = 1760 Btu/lb 

tube flow i 

0 I I I I I I 

0 2 4 6 8 10 12 14 

Axial distance, < = e 

FIG. 1. Wail static pressure and heat flux distributions 
along the tube. 

between the total heat load to the entire 
apparatus that was externally cooled and the 
applied power to the three arc heaters upstream 
from which the heated argon discharged radially 
into a plenum chamber. The mixed, high 
temperature gas was then accelerated through 
a short, bell mouth cbntraction section with a 
contraction area ratio of 5.3 before entering 
the tube. A choked nozzle was attached to the 
downstream end of the tube. The effect of free 
convection was not believed to be significant 
by inference from the good agreement between 
the calculated and measured wall heat fluxes 
that will be shown subsequently. 

Pressures were measured along the length 
of the tube with 24 silicone oil manometers 
(specific gravity O-93) that are believed to be 
accurate to a pressure difference of O$lOl psi. 
There appears to be a slight increase in pressure 
along the tube as indicated by the test shown 
in Fig. 1 (51-H) and this was also found for the 
other two tests (59-H and 63-H) where the rise 
amounted to 0.002 psi. This pressure rise how- 
ever is small e.g. the pressure term (+) P(p - l)/jMS 
that appears in the integral form of the momen- 
tum equation (16) amounts to 0.025 at the end 
of the tube for test 51-H, and therefore a uniform 
pressure condition along the flow was utilized 
in the majority of the numerical calculations. 
In another investigation of a very high tempera- 
ture gas flow through a cooled, rectangular 

E 
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cross-sectional area channel [24], the pressure 
was also found to be essentially constant along 
the channel whose length was 40 hydraulic radii. 

The nearly uniform pressure that is found in 
the entrance region of these very high tempera- 
ture gas flows through cooled tubes is believed 
to primarily result from the negligible change 
in the effective core flow area because of shear 
layer development. As will be subsequently 
seen the mass flux in the shear layer is hardly 

0.25 _ 

O-20 - 
Test 59-H 

N. ~$1 =I800 Btullb 

.c 0 15 - 

F 
13 

5 
0.10 - 

_ 0,05 - 

-2 
0 I I I I I I 

i- o,zo 
;: 
f 0.15 

2 A’,: -1280 Btu/lb 

5 

0.10 

3 0.05 

0 
0 2 4 6 8 10 12 14 

Axial distance, E = * 

FIG. 2. Wall heat flux distributions along the tube at other 
conditions. 

changed from its core flow value and therefore 
the displacement effect is small. This is unlike 
the situation found in tube flows with little 
or no heat transfer where pressure drop occurs 
as the core flow is accelerated by virtue of the 
mass flux deficit in the shear layer. 

The contraction section preceding the tube 
is believed to have produced a nearly uniform 
flow with a relatively thin boundary layer from 
which the numerical calculations were initiated 
by assuming uniform axial velocity and enthalpy 
profiles there. Appendix C contains a discussion 
of the numerical parameters used in the calcula- 
tions. The results which were obtained by using 
the following properties for argon with negligible 
ionization Pr = +, w = & y = $ are discussed 
in this section. 

0.6 

0.2 
f 9 dE 

--- j-&z...._ 

0 I I I I ‘H, 1 / / 

0 2 4 6 8 10 12 14 16 

Axial distance, c=* 

FIG. 3. Energy fractions along the tube. 

The heat flux to the tube wall, the important 
result which governs the cooling requirements 
and energy loss from the flow, is shown in Fig. 1 
for test 51-H. The numerical predictions are 
seen to be in excellent agreement with the 
measured heat fluxes along the tube, and this 
correspondence applies as well to the two other 
tests 59-H and 63-H, at somewhat different 
inlet conditions, that are shown in Fig. 2. The 
energy loss to the wall is relatively large in the 
flows considered as indicated in Fig. 3 by the 
fraction of energy remaining in the flow at any 
axial location. By the end of the tube about 
40 per cent of the energy in the inlet flow was 

0 2 4 6 6 10 12 14 16 

Axial distance, E= -$ 

RG. 4. Centerline velocity and enthalpy distributions along 
the tube. 
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FIG. 5. Many flux profiles across the flow. 

lost by heat transfer to the tube wall. The dif- 
ference between the solid and dashed curves 
shown in Fig. 3 indicate the degree to which the 
overall energy balance given by equation (17) 
is satisfied by the numerical calculations. Al- 
though this check is not precise, the agreement 

t i‘ 

;: 

1.2 I I I I 
Velocity 

l,O - 

u-Q-Q----Y)- 

3.22 Probe station 

/ 

1 
0 0.2 0.4 0.6 0.8 1.0 
” 

l-5 
E. 

is considered to be satisfactory for the very high 

temperature flows considered. 
The centerline distributions of veiocity and 

enthalpy along the tube are shown in Fig. 4 for 
test 51-H. Immediately downstream of the inlet 
the centerline velocity begins to decrease and 

the flow decelerates there presumably because 
of the relatively large amount of wall cooling 
that causes the mass flux in the wall region to 
exceed the centerline value. This is seen in Fig. 5 
where the radial distributions of mass flux are 
shown. To satisfy the mass flow constraint, the 
mass flux and thus the velocity in the center 
portion of the tube decreases below the inlet 
value as can be observed in Fig. 6 where the 
velocity profiles are shown. However, the 
thermal penetration is considerably less in the 
inlet region (Fig. 4) and the centerline enthalpy 
is not reduced by some prescribed amount, say 
1 per cent, below the inlet value until a distance 
of 8 tube radii is reached. Farther downstream 
both the centerline velocities and enthalpies 
decrease, and if the calculations were extended 
to distances beyond the actual length of the 
tube, as 

1.1 

1.0 

they were, the centerline enthalpy 

Momentum flux 

Axial location 

342 Pro& station 

I I I I 

0.2 0.4 0.6 0.8 

I E 
1-c 

FIG. 6. Velocity and momentum flux profiles across the flow. 
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FIG. 7. Enthalpy and enthalpy flux profiles across the flow. 

actually decreases more rapidly than the axial profiles become similar across the flow when 
velocity i.e. the curves cross one another at 5 of normalized by their local centerline values. The 
about 22. momentum flux profiles (Fig. 6) like the enthalpy 

The progressive development of the flow and flux profiles (Fig. 7) indicate the progressively 
thermal distributions that are shown in Figs. larger momentum defect in the flow caused by 
5-7 for test 51-H indicate the change of these the wall shear stresses. In this regard the mo- 
distributions from their uniform values at the mentum losses are similar to the energy losses 
inlet. The slopes of these profiles become 
successively smaller near the wall in a way not 
basically different from that found for boundary 
layer growth over a surface, although in the 
inlet region the velocity in the center portion 
of the flow is reduced below its inlet value while 
the enthalpy remains the same. There is gener- 
ally good agreement between the predicted j o_ o’6 
profiles and probe measurements at t; = 3-22. 
At the end of the tube, ( = 14.07, both the flow 
and thermal penetrations are appreciable. As 
mentioned before the calculations were carried 
out to a larger value of 5 = 40, and in this 
vicinity there appeared to be the onset of a o,*_ --r-Y 

I 
region of fully developed flow in the sense 
proposed by Mirels [25] for a low speed, high 
temperature gas flow through a highly cooled 

0. 1 1 1 Mi, / , , 
0 2 4 6 8 10 12 14 16 

Axial distance, t = -$- 

channel i.e. that the velocity and enthalpy RG. 8. Momentum fractions along the tube. 
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as seen in Fig. 8 where the momentum fractions 
are shown. Again the overall check on the 
momentum balance, equation (16) is considered 
to be satisfactory for the kind of flow considered. 

Having found good agreement between the 
predictions and experiments, attention is focused 
on the more general question of how to represent 
the predictions over a range of conditions so 
that they can be utilized to indicate the influence 
of the various parameters. The choice in this 
regard is based on consideration of a simpler 
constant property, low speed form of the energy 
equation for a uniform flow that then involves 
only a balance between axial convection of 
energy by the mean flow and radial heat con- 
duction. The change in the enthalpy profiles 
across the flow then depends upon the non- 
dimensional anial coordinate 

211 H = - -- 
D ReDi Pr 

as also do the non-dimensional wall heat fluxes 
or Nusselt numbers obtained from the slope 

I- 

I I I I I 

of the enthalpy profiles at the wall 

(21) 

The non-dimensional wall heat flux distribu- 
tions along the tube are shown in terms of Q 
and 3 in Fig. 9. In the initial portion of the 
entrance region the tube flow predictions ap- 
proach the solutions from a laminar boundary 
layer analysis. From [2] the laminar boundary 
layer prediction for low speed flow is of the form 

Translation of this prediction to the representa- 
tion of Fig. 9 gives 

This prediction is shown in Fig. 9 for the values 
of wall cooling i.e. H,,,/& indicated: for a 
larger range of wall cooling, values of A/Pr* 
are given in Table 2. In the inlet region the tube 

Lominar boundary 

layer, equation (22) 

51-H and 59-H 

Test ’ Hti BWIC 

0 51-H 1760 

Cl 59-H 1600 

A 63-H 1260 

I I I I I I I 1 I I I I I I 

x:$ +f 

FIG. 9. Correlation of heat transfer results. 
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flow predictions are in close agreement with 
the boundary layer prediction and the experi- 
mental data. Theri: is a tendency for the tube 

Table 2. Variable property laminar boundary layer predictions 
with wall cooling; low speedflow, w = 3, Pr = 4 

--_--_- ___ __~ 

H:. 
H;i 0.01 0.04 0.2 0.6 1.0 

A O-367 0.364 0.354 0.339 0.329 
A 

Pi-+ 
0.393 0389 0.379 0.363 0352 

flow predictions to approach the boundary 
layer prediction from below in the inlet region 
and this is believed to be caused by an under- 
estimate of the actual slopes of the enthalpy 
profiles at the wall immediately downstream of 
the inlet where the enthalpy profiles are very 
steep near the wall. This apparently occurs in 
spite of using the small radial mesh spacing and 
extrapolation procedures described in Appendix 
A for obtaining the slopes of the profiles at the 
wall. The difference may also be attribu~ble 
to some extent to flow deceleration which 
occurred in the inlet region. Farther downstream 
the thermal penetration extends to the centerline 
and the driving potential for heat transfer is 
less than the difference (li:, - Nh) just down- 
stream of the tube inlet. Consequently, the 
boundary layer prediction overestimates the 
heat transfer and agreement with the experi- 
mental data is afforded by the tube flow predic- 
tion. 

‘lo , /I/, , I,,, I Ill\ 

- Lmninor boondorv I 

_Lr 
D fw; 

10. Non-dimensional wall shear stress d~strjbution. 

A similar representation for the wall shear 
stress distribution is shown in Fig. 10. The 
laminar boundary layer prediction for low 
speed flow [2] 

when translated to the representation 
10 is 

-G_ -f 

P:(W:)2 

of Fig. 

(23) 

The behavior of the tube flow prediction 
relative to the boundary layer prediction is 
very similar to that found for the non-dimen- 
sional heat flux; however, it always lies below 
the boundary layer prediction because the 
velocity in the center portion of the tube in the 
inlet region is diminished because of wall 
cooling. 

Application of the method described in 
Section IV to test 51-H to calculate the pressure 
distribution as well yielded a predicted pressure 
rise along the tube from the first pressure tap 
at 5 = 0.X to the last tap at < = 13.8 that 
amounted to 

W-2 Ap,_, = EAp = - 
PI 

=T 0*00054 

or 

Api_, = 0.0023 psi. 

However, for this test the measured pressure rise 
of OGOl psi was less (Fig. l), although the dis- 
crepancy would be smaller for the other tests 
(59-H and 63-H) where the measured pressure 
rise was 0.002 psi. Because of the predicted 
pressure rise the overall check on the momentum 
balance equation (16) yielded lower values for 
the term 

than shown in Fig. 8 for test 51-H for the case 



of a nearly uniform pressure: the values so representation is shown in Fig. il. In the region 

obtained near the end of the tube were about where the predictions overlap one another in S, 

one-half as much below those for l,/i,i (solid the tube flow predictions virtually coincide 

curve) as the values for a uniform pressure were with each other, thus indicating the utility of 

above (dashed curve). The centerline velocities the representation shown. In these calculations 

were higher (Fig 4) but the difference was small the pressure was taken to be constant along the 

amounting to no more than 1 per cent by the tube. This coincidence is also indicated by a 

end of the tube; the distribution along the tube different choice of dimensionless independent 

being similar in shape to that shown in Fig. 4 and dependent variables [3] than used herein, 

for the uniform pressure case. The overall for the situation where the contribution of the 

energy balance equation (17) differed only radial velocity component to the kinetic energy 

slightly from that shown for the uniform in the stagnation enthalpy expression (nomen- 
pressure case (Fig. 3) and the centerline enthal- clature) is negligible i.e. 
pies were virtually the same (Fig. 4). Both the 
predicted wall shear stress and heat flux were 

(I.# (WI)2 
2<2. 

I Ill1 II111 I IIll 1 II1 
20 - Lamlnar boundary 

This is usually the case unless the Reynolds 
number is relatively small. 

10 - For the range of Mach numbers considered 
(viscous dissipation) the non-dimensional heat 
flux shown in Fig. 12 is scarcely influenced. The 
tube flow prediction at the larger Mach number 
of 0.75 lies just barely below the lower Mach 
number prediction of 0.1. The flow speed para- 
meter K was 032 for the higher Mach number 
inlet condition of 0.75 and this corresponds to a 

$20 

ratio of kinetic energy to total enthalpy of 0.16, 
2 a value however, that is not very large. The 
1 1 IIIl IIIII 1111 

2 4 B 2 4 e * 4 B 
1 o-4 10.3 10.2 10-l 

40*l 

FIG. 11. Effect of Reynolds number on the non-dimensional 
wall heat flux distribution: Pr = $, o = $, y = {, uniform - 4 
inlet protiks, Mi = 0.1, constant pressure, H, = 04l4, -t 

5 to 20. t* a 
b I 

2 

--‘ E , 

within 3 per cent of those obtained for the 
uniform pressure case, and consequently, at G3 6- 4- 

least for the experimental conditions herein, 2- 

there is little difference in the wall friction and 
heat transfer predicted from either method of 

2 4 e 2 4 6 2 4 6 
10.’ lo-3 10.2 10.’ 

calculation. 
Since the range of Reynolds numbers spanned 

by the experimental data is not large, an FIG. 12. Effect of Mach number (viscous heating) on the non- 

appraisal of the effect of Reynolds number on dimensional wall heat flux distribution: Pr = & w = 2, 

the non-dimensional heat flux Q in the 8 
y = 3, uniform inlet profiia: peDL = 500, constant pressure, __ H, = uc4,~ to 20. 
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pressure was taken to be uniform along the 
tube. 

VI. SUMMARY AND CONCLUSIONS 

A numerical procedure for the solution of the 
differential form of the laminar flow equations 
on a finite difference basis was described and 
applied to the calculation of a high temperature 
gas flow through the entrance region of an 
externally cooled tube. 

The predictions were compared to experi- 
mental measurements and good agreement was 
found for the wall heat flux-the important 
result which governs the cooling requirements 
and energy loss from the flow-and the internal 
flow and thermal distributions. The flows 
considered are characterized by relatively large 
energy and momentum losses, behaving dif- 
ferently than more familiar laminar flows 
through tubes with little or no heat transfer. 
Because of the relatively large energy loss by 
heat transfer to the wall, the gas decelerates 
along the tube while cooling and momentum 
losses are significant due to wall shear forces 
that retard the flow. Both the velocity and 
thermal boundary layers grow to the centerline 
a few diameters downstream of the inlet and 
the core flow becomes non-adiabatic. The 
pressure is found experimentally to be nearly 
uniform along the flow in the entrance region 
(actually increases slightly) and this is believed 
to primarily occur because of the negligible 
mass flux deficit in the shear Bow. 

Extension of the calculations to a larger 
range of Reynolds number and Mach number 
(viscous dissipation) revealed negligible dif- 
ferences in the non-dimensional heat flux Q 
along tubes in a representation where axial 
distance was included in the group 8 = (z/D) 
(l/Re,, Pr), which also correlated the experi- 
mental measurements. 

It would appear that the main features of the 
numerical method could be employed in sub- 
sequent investigations of other aspects of inter- 
nal flows that are found in practice e.g. variable 
cross-sectional area channels, a partially ionized 

gas. Higher Reynolds number flows could also 
be treated by including turbulent transport of 
momentum and heat. 
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APPENDZX A 

Finite Difference Formulation 
By expressing equations (5) and (6) in finite difference 

form, the numerical solution can be carried out in the axial 
direction r because of the parabolic nature of the equations. 
There are a number of ways that finite difference approxima- 
tions of the derivatives can be written and these are generally 
obtainable from Taylor series expansions about points in 

A4 
(-J__-*_ 

e = ZAc,, 
5 = 0 (axis) 

FIG. 13. Grid system. 

a variable mesh grid (Fig. 13). 
To obtain the required resolution near the wall as men- 

tioned in the Introduction, a variable radial increment that 
becomes progressively smaller as the wall is approached 
was used. In the notation of Fig. 13 the radial increments 
are given by 

AC,+ = kA[,_ = k”‘Ai, (Al) 

where the factor k < 1. The radial increment adjacent to the 
wall A&, can then be expressed in terms of k and the number 
of increments across the flow M. 

(A.9 

Some values of the radial mesh parameters are given in 
Table 3 and are later discussed in Appendix C. 

Table 3. Radial mesh parameters 
-~ ____- 

M = 20 M=40 

AIM k N, AL, k Ai, 

0.001 0.747 0.254 O@Ql 0.885 0.116 
0@025 0.792 0.210 0.0025 0.912 0,090 
0.005 0.829 0.176 0~005 0.935 0.07 1 
0.01 0871 0.139 0.01 0.960 0.051 

-_- ____-- I-- 

The radial derivatives of a variable were approximated as 
follows: 

” 2(A~A~~- ‘I + W%)*l~ 
* 

A2f --A + O[(l - k) A<,] ‘$ 
(Ailk’“-‘)’ 

where 

,t_f, = f a+1 
- (1 - k’) f, - k’f,_, 

$1 +kf 

A”& = f,+1 - (1 + k) f, f kf,-, ._- 
(1/2k)(l + k) 

(A.3) 

(A.4) 

(A.5) 

(A.6) 
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For a fixed radial increment, i.e. k = 1, these relations 
reduce to standard central difference formulas. The finite 
difference approximation of the symmetry condition along 
the axis < = 0 where 8J/8[ = 0, is 

A variable axial increment was used and axial derivatives 
were approximated by a three point Lagrangian formula 
that can also be obtained from TayIor series expansions. 

+ OIWZ,fzl $. 
This approximation is more accurate than the 
difference relation 

+ @[At,+ I ‘6 

(A.71 

forward 

(A.@ 

To attempt to reduce the calculation time, the location 
at which radial derivatives were evaluated were weighed 
between the n and the n + 1 axial location by the factor u, 
i.e. equations (A.3) and (A.4) become 

Mm,,+, 
2(A&,k”-‘f + u2(A5,<,+,k”-‘) (A.9) 

+ 8 A2&n+t 

(Ai,,,, ,k” -‘I)“ 
(A.lO) 

The weighing factor u should range between f and l-a 
value of $ corresponds to the Crank-Nicolson method [26]. 
Worsoe-Schmidt and Leppert suggest a value of 2, and 
Patankar and Spalding [27] in a boundary layer calculation 
use a value of 1. Experience with different values of Q is 
discussed in Appendix C. 

The calculation scheme consists of using equations (5) 
and (6) to dire& solve for the axial velocities and total 
enthalpies across the flow at the n + 1 axial location from 
the known variables at the prior axial locations n - 1 and 
n by a method of successive iterations. The other relations 
given by equations (@-o-O) are used to express p, p and T in 
terms of w and H,. The radial velocities are obtained by 
integration of the continuity equation 

6’4 J u5 
” 

(A.1 1) 

with a backward difference used for the t-derivative. To 
retain the simple calculation form of the explicit method 
whereby values of yv and H, at the n + 1 location, denoted 

by fm,z,+i, can be directly obtained from the left side of 
equations (5) and (6), a different scheme than normally 
used was chosen to solve the implicit form of the equations 
considered herein. The scheme consists simply of evaluating 
the terms on the right side of equations (5) and (6) from the 
jth iteration to obtain the j + 1 iterate directly from the left 
side of the equations. In functional form the procedure is 
given by 

For example, for a forward difference in the axial direction 

f 
j+l 
Ill,“+1 - sm., 

4, 
(A.13) 

and a similar expression follows for the three point relation 
equation (A.7). The term f i, n + ~ is given by 

f’,..+, = (1 - df,,. + Sf’,,“,, (A.14) 

with similar expressions for the radial derivatives equations 
(A.9) and (A.lO), i.e. where Af=.,+ I and Az&+i are jth 
iterate terms. This scheme avoids obtaining a solution of 
the system of 2M algebraic equations by matrix inversion that 
arises in the implicit method after the non-linear algebraic 
equations are linearized and which system also must be 
iterated because of the approximate linearized form of the 
equations that are solved. 

In carrying out the calculations the v&es of w, H, and u 
in the iteration scheme are taken to be average values 
between the j + 1 andjth iterations to avoid overcorrections, 

f j+I m,n+1 = tEcfK+lLomp”tcd + fL+*l 
and for the fjrst iteration, an average value between the 
n t 1 and n locations is used 

f %“+I = fufm,“+lLomp”led + fm..l. 
To start the iteration scheme values of w and H, at the 
n + 1 location are obtained by projecting the history of the 
flow downstream through linear extrapolation from the 
prior n - 1 and n locations. The iteration scheme is con- 
tinued untii all the variables converge to within some 
specified tolerance c, i.e. 

f j+ 1 

I-_- I fj 
1 <c (A.15) 

or when a variable is very small, 1 fj’ ’ - f’l -c c. The 
calculation then proceeds to the next axial location. 

The input parameters are y, M, Pr, u, Re, the initial 
profiles w(c) and H,(c) and either w; or Hi,, and the thermal 
boundary condition H,(t) and pressure distribution p(T) 
along the wall for the case where p is prescribed. Specitica- 
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tion of y and M, determines P and K from equation (7). 
Since the definition of total entkalpy was used in expressing 
K in the form of equation (7)* it is necessary to specify either 
w; or Hei (flti was used) to be able to calculate the remaining 
initial quantities ~1, T;, pf? p; am2 & fram the definitions of 
P, K and Re, equation (7), and equations (g) and (9). Values 
of ~6, and &(TI) are also needed for a particular gas. 

The heat flux to the wall and the shear stress at the wail 
were obtained from the following expressions 

The stopes of the enthafpy and velocity pro%s at the watl 
were estabhshed by extrapolating 5x parabola from the three 
points nearest the wall to a point halfway between the wail 
and the first point away from the wall. A cubic was then fit 
through the first two points away from the wall, the extra- 
polated point and the point on the wall; and from this 
curve At the slope of the profiles at the wall was determined. 
Even with the small radiaf mesh size near the wall it was 
necessary to use this extrapolation procedure to obtain 
accurate heat fluxes and shear stresses; smaller radial 
increments yet near the wall resu&d in smalier axiai incre- 
ments and thus Ionger computation time. 

APPENDIX B 

Other NumerCcal ~ppr~~~es Attempted 
As mentioned in Section IXI an attempt was made to 

satisfy all of the giobal conservation equations (14), (16) 
and (17) at each axial step by calculating new values of p, 
w and H, across the flow after each iteration from the follow- 
ing relations corresponding to conservmg mass, momentum 
and energy 

Knowing p$ w and N, from these three relations, the other 
variables could be calculated. The calculated pressure then 
varies radially across the flow as well as along the flow. An 
attempt to calculate an average pressure across the flaw 

led to diverging values of $ as the iteration proceeded at an 
axial location, 

An effort was made to cdculate the pressure distribution 
along the flow by using only the mass flow constraint, as 
kas been done by otkers (Section III), but this method also 
failed for the high temperature flows considered. The apphca- 
tion herein involved substituting the density from the 
equation of state into the mass flow constraint, and trying 
to adjust p(z) to satisfy the mass flow constraint in subsequent 
iterations. This method diverged. 

Deissler and Presler’s method (Section III) was also 
tried, i.e. applying the momentum equation at the wall to 
specify the pressure. This method produced reasonable 
results for a nearly constant property flow as was also found 
by Deissler and Presfer. However, the method failed with 
appreciable wall. cooling because a aigni~ca~t increase in 
wall pressure was predicted whereas none was observed 
ex~r~menta~~y. In the prediction a uniform radiaf increment 
was used, The method was not tried with variable radial 
mesh spacing. 

APPENDIX C 

Numerical Calculation Paramrters 

A description of the values of the numerical parameters 
that were used in tke uniform pressure calculations is 
contained in Table 4 along with comments pertaining to 
the interrelation between the parameters. The aumericai 
values noted reflect much trial and error experience for 
which the actual ~omputatjon time was considerabfy 
greater than those times shown for the final calculations. 
A L’NIVAC 1108 computer was used in the ~~~uiai~o~s. 

Rksmm&-On &out numbriyuement SW calculateur digital les tquations aux derivees partielles de 
1’6coulement laminaire d’un gaz a trts haute temperature ti travers la region d’entr6e dun tube refroidi 
extbieurement. On d&it Xa metkode de resolution et les calculs sont mend en relation avec les mesures 
experimentales. Les &ultats indiquent des pertes relativement grandes d%nergie et de quantite de 
mouvement dans les Ccoufements fortement refroidis ou la pression est presque uniforme +e long de 
f’tcoulement et ou I’&couhement du noyau devient non adiabatique queIques dram&es en aval de I’entr&% 
ce qui est en bon accord avec t’exp&ience. On &die aussi les eFfets dun large domaine du nombre de 

Reynolds et du nombre de Mach (dissipation visqueuse). 



HIGH TEMPERATURE LAMINAR FLOW 1021 

LAMINARE STR~MUNG EINES GASES MIT SEHR HOHER TEMPERATUR DURCH DAS 
EINTRI~SGEBIET EINES GEKUHLTEN ROHRES. 

NUMERISCHE BERECHNUNG UND EXPERIMENTELLE ERGEBNISSE 

Zusammenfassung-Die Gleichungen in differentieller Form ftir die laminare Stromung eines Ga!,cs mit 
sehr hoher Temperatur durch den Eintrittsbereich eines aussen gektihlten Rohres wurden numeriscb 
mittels eines Digitalrechners gel&t. Die Losungsmethode wurde beschrieben und Berechnungen zusamme? 
mit experimentellen Messungen durchgefiihrt. Die Ubereinstimmung mit dem Experiment ist gut; das 
Ergebnis zeigt einen relativ hohen Energie- und Impulsverlust in der betrachteten, stark gektihlten 
Striimung, wo der Druck entlang der Striimung fast konstant bleibt und der StrBmungskem urn einige 
Durchmesser striimungsabwlrts vom Eintritt nicht adiabat wird. Die Einfliisse eines grossen Bereichs 

der Reynolds- und Machzahlen (viskose Auflosung) wurden ebenfalls untersucht. 

hHOT8qIiX-%CJIeHHO penrena csicTeMa nnr#@eperiynanbnbrx ypasnenriB, onncblnaromvrx 
naManapnoe Teuenne cn~~brio narperoro ra3a BO BXOAHOM yYacTKe oxnalKnaehtoi4 caapywi 

Tpy6aI. OlIHCaH MeTOR PeIIIeHEiR. OQHOBpeMeHHO C paC'I8TaMEi IIpOBOfiEinHCb 3KCIIepHMeW 

TaJIbHbIe I13Mep@HH;A. nOJlyYeH0 XOpOUIee CONIaCMe TeOpeTHYeCKHX Ii 3KCIIepHMeHTaJIbHbIX 

AaHHbIX. Pe3yJIbTaT aHWIl3a CBHAeTeJIbCTByeT 06 OTHOCliITeJIbHO 6onbmmx IIOTepRX 3HeplWi 

II KOJlWJeCTBa JJBWKt?HWi CLiJIbHO oXJlaHc,lJeHHbIX IIOTOKOB, B KOTOpbIX AasneHHe IIO'JTIl 

IIOCTORHHO BAOJlb IIOTOKa, a RAP0 nOTOKa CTaHOBRTCR Hea~Ha6aTWIHbIM Ha paCCTORHMM 

HeCKOJIbKEiX HHaMeTpOB OT BXOA3. kkCJIeROBaJICf+ IIIHpOKEll"r RHaIIa3OH gHCeJl PetiHOJIbfiCa 54 

Maxa (Bsi3Kaf4 AAcctinaqw). 


