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Abstract—The laminar flow equations in differential form are solved numerically on a digital computer
for flow of a very high temperature gas through the entrance region of an externally cooled tube. The solu-
tion method is described and calculations are carried out in conjunction with experimental measurements.
The agreement with experiment is good, with the result indicating relatively large energy and momentum
losses in the highly cooled flows considered where the pressure is nearly uniform along the flow and the core
flow becomes non-adiabatic a few diameters downstream of the inlet. The effects of a large range of Reynolds
number and Mach number {viscous dissipation) are also investigated.
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mass flow rate;

Mach number or number of
radial increments;

static pressure;

Prandt] number;

pressure parameter, p/pi(w})?*;

heat flux, ¢ = —k' — o’
ar
dimensionless wall heat flux,
. DPr'

Q T 4 ’ y
(H, — H,) u;
radial increments
tube radius;

Reynolds number based on
radius,
Re, = P,
H;
Reynolds number based on
diameter,
D
Rep = P;W: .
H;

static temperature;
stagnation temperature;
radial velocity component;
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w,

Subscripts

LLOYD

axial velocity component;
axial distance;
degree of ionization;
specific heat ratio;
velocity boundary’ layer thick-
ness;
thermal boundary layer thick-
ness;
tolerance, equation (A.15);
dimensionless radial distance,
(=",

rW
radial increment at wall;
flow speed parameter,

K =0,

Hlx'
viscosity;
dimensionless axial distance,

=2,
18

w
dimensionless axial coordinate,
z 1 1
E=- —
D Re,, Pr’

density;
weighing factor, equation (A.10):
shear stress,
, L ow'
T =4 57;

temperature parameter,
’ '
c, T
02 b
H,
exponent of viscosity—tempera-
ture relation.

Y=

condition at edge of boundary
layer;
inlet condition at centerline;

condition along channel center-
line;

condition at channel wall;
quantity at mth radial and nth
axial grid point.
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Superscripts
(Y, dimensional quantity;
(Y, jth interate;
0), average value across or along
flow.

I. INFRODUCTION

THis study was undertaken to acquire a better
understanding of the actual flow field and
thermal environment in a very high temperature
gas flow through a channel. Of particular
importance in such a flow that may be found
in devices used in propulsion systems and in
high temperature research facilities is the de-
termination of the heat transfer to the channel
wall which often requires external cooling
to remain intact. In general the calculation of
heat transfer depends upon the knowledge of
many factors such as the flow field, flow regime,
i.e. laminar, transitional or turbulent, thermo-
dynamic state of the gas, reaction rates, trans-
port properties; and in electrical propulsion
devices, on the presence of electric and magnetic
fields and their interactions. The flow and
thermal fields are consequently rather complex
and not well understood in many devices.

In this paper laminar flow through an
externally cooled tube is considered. Whereas
flows through tubes are usually turbulent in
most applications, in many very high tempera-
ture gas flows at moderate pressures this is
not the case since the Reynolds numbers are
low enough so that the flow is laminar, e.g.
below about 2000. This situation is found in
practice because the density is relatively low
and the viscosity is relatively high and con-
sequently viscous forces become increasingly
more important relative to inertia forces. In
these relatively low Reynolds number flows
both the velocity and thermal boundary layers
grow rather rapidly along the tube for nearly
uniform conditions at the inlet, and the core
flow may become non-adiabatic a few dia-
meters downstream of the inlet. Other features
of these flows in which the core flow temperature
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might exceed the cooled wall temperature by
a factor of 25 [ 1] are the large property variation
across the flow, more than an order of magni-
tude, and the large velocity and temperature
gradients in the wall vicinity [2]. The steepness
of the velocity and temperature profiles in the
vicinity of the cooled wall is an important
aspect in the numerical calculation of such flows
since the shear stress and the heat flux at the
wall, proportional to these gradients, become
difficult to determine accurately from the finite
difference calculations. Conventional finite dif-
ference techniques with a fixed radial increment
commonly used in a computer program to
calculate essentially constant property tube
flows or with wall heating [3, 4] or severe wall
cooling [5], become too lengthy with an
appreciable amount of wall cooling. The radial
increments must be made too small in order
to obtain sufficient detail in the wall vicinity
to establish gradients accurately.

The laminar flow equations in differential
form that are believed to be appropriate in the
entrance region are solved numerically on a
digital computer for flow of a monatomic gas
at very high temperatures, but below those
temperatures at which ionization [6] or radia-
radiation effects become important. The im-
portant viscous stress and heat flux components
considered are the shear stress in the axial
direction and the radial heat flux. The analysis
accounts for variable properties across the
flow, radial convection and viscous dissipation.
For internal flows without swirl and longitudinal
wall curvature as considered herein, the assump-
tion of uniform pressure across the flow that
was made is believed to be satisfactory. An
effort to appraise this assumption was made by
including the radial momentum equation, but
the numerical calculations were unstable.

The numerical calculations are carried out in
conjunction with experimental results [1] to
learn as much about the flow under considera-
tion as possible and to determine the extent
to which such flows are describable. The experi-
ments were conducted with argon at inlet
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temperatures up to about 14000°R flowing
through an externally cooled tube maintained
at a temperature of S560°R. Static pressures
and heat fluxes were measured along the tube
wall and calorimetric probe measurements
were obtained across the flow at an axial
location. The Reynolds number based on
diameter ranged from 450 to about 600; the
tube length was about 14 radii, and the inlet
Mach number was about 0-075.

The analysis and finite difference formulation
are described first, the latter in Appendix A.
The numerical calculations are then discussed
and the results are compared to the experiments.
After establishing confidence in the numerical
calculations by virtue of their agreement with
the experiments, the effects of a larger range
of Reynolds number and Mach number (viscous
dissipation) are investigated.

Although the intent of the paper is not to
survey methods of calculating internal laminar
flows, prior theoretical investigations are dis-
cussed in connection with the problem at hand
since there is uncertainty in the appropriate
method that should be used, and there is little
experimental data available to appraise the
variable property predictions that have been
made. Moreover, although primary emphasis
is placed on describing a calculation scheme
best fitted to the problem at hand, there is also
interest in briefly discussing the difficulties
encountered in carrying out the calculations
to provide information on the general calcula-
tion of internal laminar flows, especially those
with large property variation.

II. ANALYSIS
For steady, axisymmetric, laminar flow the
conservation equations that are taken to des-
cribe the flow in the entrance region of a tube
are as follows:

continuity equation

O, pn, 10,
a—z(pw)+ ;E(rpu)—o (1)
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axial momentum equation

LLow oW dpt 10 ,ow’

A PI "R P 8r( )(2)

total energy equation
o OH L OH,
PV TP T
oT 10 ow'
=) @
r@r(k 5)+r5r<wﬁ ar) @)

In these equations where the primes refer to
dimensional quantities, w’ and ' are the axial
and radial velocity components in the z and r
direction, respectively and the total enthalpy is

(W)? + W)’

H =H + >

In this form of the momentum and energy
equations, the important viscous stress is taken
to be the shear stress in the axial direction,
t' = y 0w'/or, the important heat flux that in
the radial direction ¢’ = —k'0T'/0r and the
pressure is taken to be uniform across the flow
so that p'(z). For the flow under consideration,
ie. Reynolds numbers of about 500 and larger
and a Prandtl number of % for non-ionized
gases these considerations are expected to
adequately describe the flow based on constant
property calculations, e.g. see [7-10].

Independent variables are introduced as
follows

{= ¢ =

r z

T ”

so that the radial coordinate { is O at the center-
line and 1 at the wall, and the axial distance is
given in terms of tube radii r,,. The conserva-
tion equations are then made dimensionless
with respect to inlet values at the centerline,

ie. & = 0, = 0 denoted by the subscript i,

w' u H; T
W= —), U = — H:;\ T:*,
W, we T, T,

1 pr /1/
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pl p1 ui
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The parameters in these equations, in addition
to the Prandtl number Pr = p'c) /K" refer to
the inlet condition and are given by

o1 ]
piw)?* M}
K= (;;:‘,)2 b= 1)“?
S QR V
2
: r (7
r— cpT _ 1
, y—1
O Ak SV
+ 2 :
Re; = p‘wfr‘f
K

Other relations that describe the flow under
consideration are the perfect gas relation p’ =
p'RT’ which in dimensionless form is

p=pT (8)

the viscosity-temperature relation p'(T’) which
can be described empirically by the power law

relation
u=T" &)

and the total enthalpy which in dimensionless
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form is

2 2
H, = YT + K(W%. (10)
The parameters Y and K, which are a measure
of the thermal and kinetic energies in the inlet
flow are interrelated, 1 = Y+ K/2,sinceu; = 0
because of symmetry.

The following inlet and boundary conditions
are considered. At the tube inlet the axial
velocity and enthalpy distributions are pres-
cribed and the radial velocity is taken to be
zero, i.e.

w H,

;;= W(C)’ T_I—;i"‘ HI(C)7

u=~0.
(11)

The tube wall is taken to be impermeable and
at a specified temperature dictated by external
cooling so that the enthalpy at the wall is
known, 1.e.

at ¢=0:

at (=1, w=0, u=0, H=H/5. (12)

Other boundary conditions along the wall
could be treated as well, e.g. mass transfer
cooling by including the diffusion equation too,

or radiation cooling.
Along the centerline the radial velocity must
vanish, and symmetry conditions give
0 0H,

Yoo, Tr=o.

at { =0; o 5

u=0, (13)

III. GENERAL CONSIDERATIONS AND
PREVIOUS ANALYSES

Before describing the calculations some dis-
cussion of the treatment of internal flows is
appropriate with regard to the form of the
equations that are considered. The system of
six equations (4)6) and (8)~(10) contain seven
unknown quantities w, u, H,, T, p, p and u since
the radial momentum equation has been essenti-
ally replaced by disregarding any pressure
variation that may occur radially in a real flow.
For internal flows without rotation and curved
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walls this assumption appears plausible for the
Reynolds number range of this investigation.
Nevertheless, in the early stages of this investiga-
tion the pressure was allowed to vary radially
as well as axially, ie. p'(r, z) by including the
following form of the radial momentum equation

, ow'
Ko )

The numerical calculations however were un-
stable, in that pressure oscillations that were
calculated across the flow increased in amplitude
at subsequent axial stations. Similar difficulty in
trying to include radial pressure variation across
a flow was found by Baum and Dennison [11]
in their numerical calculation of supersonic
laminar wakes. Although the radial momentum
equation was not included, the assumption of
uniform pressure across the flow was thought
to be satisfactory since the Reynolds numbers
are not real low and the actual pressure varia-
tion across the flow is probably unimportant
in the calculation of quantities of interest, e.g.
wall heat flux and shear stress for the flows
under consideration.

The mathematical form of the equations
considered herein is not immediately clear;
there apparently being one more unknown
quantity than equation when the pressure is
taken to be invariable across the flow. At first
sight it would appear that one of the variables,
preferably the pressure since it is measurable
along the tube wall, should be specified in
order to calculate the internal flow variables.
Alternately, if radial convection were sup-
pressed, i.e. u = 0, the equations would appear
to be mathematically determinate, but there is
no justification for such an a priori presump-
tion that is known to lead to an overestimate
of the predicted heat transfer. However, other
numerical calculations have been carried out
for the variable property form of the equations
considered herein without specifying one of the
variables, nor suppressing the radial velocity
[3-5]. In particular, for the case of a constant

’ lau’_*_ //aul__ %_‘-—6_
pw 0z pu or or 0z
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property, isothermal flow the three variables
are the velocity components, w and u and the
assumed uniform pressure across the flow p(z);
the two differential equations are those of
continuity and axial momentum. Bodoia and
Osterle [12] closed the system of equations by
adding the integrated continuity equation
across the flow as also was later done in [13]

Iw

| p'w'rdr = constant.
0

Wendel and Whitaker [14] in commenting on
the numerical calculations of Bodoia and
Osterle suggest that the radial velocity is not
actually being included. Closure of the system
of equations by adding the integrated continuity
equation has also been incorporated in sub-
sequent heat transfer investigations in the
inlet region of a tube for a constant property
flow where the energy equation is an uncoupled
part of the systems of equations, e.g. [15-18],
or for a variable property flow where all the
equations are coupled [3,5). Worsoe-Schmidt
and Leppert [3] argue that for tube flows the
pressure can only depend on axial velocity when
the pressure is assumed uniform across the flow
and therefore invoke the constraint that the
mass flow be conserved as given by the inte-
grated continuity. Other constraints have also
been suggested, e.g. Sparrow, Lin and Lundgren
[19] use the integrated axial momentum equa-
tion across the flow in their constant property
flow field calculations. Diessler and Presier
[4] propose another method in their investiga-
tion of uniform heating along a tube by applica-
tion of the momentum equation along the
tube wall where the velocity vanishes to specify
the pressure at the next axial location z + Az
from the pressure gradient term with the radial
gradient of the shear evaluated at the z location.

It is difficult to judge the implication of those
methods in which all the flow variables are
calculated including the pressure when it is
assumed uniform across the flow by invoking
one of the various constraints previously men-
tioned. Clearly, if the radial momentum equa-
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tion is retained the problem is tractable. For
example, for constant property, isothermal
flow the second order axial and radial momen-
tum equations and first order continuity equa-
tion can be reduced to a set of five first order
equations for the unknowns w, éw/ér, u, du/Cr
and p(r, z). Correspondingly, there are five
boundary conditions across the flow: two at
the wall w = 0, u = 0 and three along the axis,
u =0, 0w/dr = 0 and &p/dr = 0. The treatment
of variable property flow just introduces the
second order energy equation with two boundary
conditions on H, and other relations equations
(8)(10), thereby increasing the set of first
order equations and boundary conditions to
seven. However, when the radial momentum
equation is deleted and the pressure is assumed
uniform across the flow, i.e. p(z), the set of first
order equations is reduced by two, but the
boundary conditions only by one, i.e. dp/dr is
redundant. Then perhaps, invoking the mass
flow constraint is tantamount to utilizing the
excess boundary condition that can only depend
on z to effectively be able to calculate p(z) since
the mass flow constraint requires that the
radial velocity vanish along the axis as well as
along the wall, as can be seen by integrating
the continuity equation (1) across the flow.
However, the coupling between the conserva-
tion equations and boundary conditions is more
complex and should require the satisfaction of
the integral form of all the conservation equa-
tions (mass, momentum and energy) at each
axial step. An attempt was made to satisfy
these global relations at each axial step as
described in Appendix B. However, in the
method the calculated pressure varies across
the flow, being incompatible with the assump-
tion of uniform pressure across the flow implied
in the equations that are being solved. Attempts
to smooth out the calculated radial pressure
variation at a given axial location by obtaining
an average value across the flow p led to an
unstable scheme since p would oscillate and
increase in absolute magnitude with successive
iterations. It is clear that if the pressure is to
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be calculated a more approximate scheme is
required that may not satisfy all of the integral
constraints.

The point to be made is that there is un-
certainty in the appropriate method that should
be used to calculate internal flows, especially
when properties are variable. Even for constant
property flows not much information is avail-
able to appraise the calculations that have been
made, e.g. see the comparison to internal flow
measurements in [ 19] and heat transfer measure-
ments in particular in [17] although other heat
transfer measurements have been made, eg.
[20]. For variable property flows less informa-
tion is available. The numerical calculations by
Incropera and Leppert [5] that included the
mass flow constraint were carried out for the
case of a severely cooled tube T,/T; = 0-05
and the calculations by Worsoe-Schmidt and
Leppert [3] for the case of wall heating, T,,/T;
up to 5 and a moderately cooled tube, T, /T; =
0-5. However, neither of these theoretical in-
vestigations contain comparisons to experi-
mental data, nor are any predicted wall pressure
distributions shown. Recent heat transfer
measurements in [21] for a moderate amount
of uniform wall heating, T' /T up to about 2,
were however, in reasonable agreement with
the numerical predictions of [22] which are
similar to those of Worsoe-Schmidt and Lep-
pert [3]. But again pressure measurements
were not indicated. The calculations by Deissler
and Presler for uniform wall heating show a
larger pressure drop in the inlet region than for
constant property flow, but no experimental
information was presented nor apparently is
available to appraise their predictions.

These observations do reveal a need for a
combined theoretical and experimental study
with the latter involving both wall pressure and
heat transfer measurements. In the majority
of the calculations carried out herein the
pressure was specified from wall pressure
measurements. However solutions were also
obtained where the pressure was also calculated:
the particular method used is described in
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Section IV and compared to measurements in
Section V.

The finite difference formulation is described
in Appendix A,

IV. GLOBAL CONSIDERATIONS

Since there are errors in the finite difference
approximations that depend upon the mesh
size and there are numerical round off errors
to a lesser extent, some method needs to be
employed to insure that calculated values from
the iteration scheme converge to the true values.
Two methods were used: one in which the
pressure was specified and in the other where
it was calculated. For the flows discussed in
Section V where the pressure distribution was
prescribed from measurements, the continuity
equation (1) was also satisfied on a global basis
as it must be

i
I, —1,=0 where I, = {pwldl (14)
°

This was accomplished by calculating new
values of the axial velocity w across the flow that
did satisfy the mass flow constraint after each
iteration

I,
mi (15)

= wcomputed (I )
m/computed

Wc orrected

This scheme is self-corrective ie. too large
velocities are made smaller and vice versa,
since the velocity is contained in the computed
integral. These corrected velocities along with
other variables were then used as the jth
iterate to obtain the j + 1 iterate (Appendix A).
The calculation then continues until conver-
gence within the tolerance ¢ is achieved. By
not invoking the mass flow constraint at each
axial step, there was a progressive increase in
the calculated mass flow rate along the tube that
amounted to as much as 10 per cent for the
experiments discussed in Section V where the
pressure was nearly uniform.

In addition to satisfying the mass flow con-
straint the integral form of the conservation
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equations (2) and (3) (le. momentum and
energy) should be satisfied. In non-dimensional
form these are

4

4
Ly ~1ly = [q, & (17)
where the momentum and enthalpy integrals
are

1 1
Iy = gpw’zidc; Iy = gpwH,cdc (18)

and the non-dimensional wall shear stress and
heat flux to the wall are

’ ’
Tw 4w

_I—_‘*/_‘; q = 1ot r
piw)? Y pwiH,,

T, =

(19)

These relations are referred to in Section V,
also in connection with momentum and energy
losses in the flow. The integrals were evaluated
by a fifth order quadrature technique with a
fifth power error term.

It was possible to calculate the pressure
distribution along the flow ie. p(z) by using the
the mass flow constraint in conjunction with an
averaged momentum equation involving a
balance between the axial convective accelera-
tion and pressure gradient. In this method,
the pressure is adjusted so that the axial
velocity is forced to satisfy the mass flow con-
straint. Mathematically this means that if

i
fpwldl # 1,
1]

then w was changed by setting

O ey =

pw + Aw){d{ = L.

Solving this relation for Aw at each axial step
and relating this change in velocity to the
change in pressure from the following form of
the momentum equation
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1

p fowldl

Aw = — — where pw =2,
pw
f¢de

0
gives the following expression for the change
in pressure after each iteration

1

fowldl -1,
Ap =
P
o pld{

]

This method has the advantage that if too large
axial velocities are calculated to be compatible
with the mass flow constraint then they are
reduced by calculating a pressure rise and vice
versa, so that the method converges in subse-
quent iterations. The actual Ap at each axial
step is then obtained by adding the Ap’s calcu-
lated at each iteration Ap = ZAp; Results
from this method are discussed in Section V.

A brief discussion of other numerical
approaches that were attempted appears in
Appendix B.

V. NUMERICAL CALCULATION AND
EXPERIMENTAL RESULTS

The numerical calculations are appraised by
comparison with measurements of static pres-
sure and heat flux along the wall of an externally
cooled tube and with calorimetric probe and
spectroscopic measurements across the flow at
an axial location. The experimental conditions
for the tests considered herein are shown in
Table 1. For these measurements which are
described in detail in [1] the effect of ionization
was considered to have been comparatively
small as indicated by the analysis of [6].
Thermal radiation from the gas to the wall was
also considered to have been small as indicated
by measurements with argon in [23] with a
window covered cavity for which the contribu-
tion of the radiative heat flux to the wall did
not exceed 1-2 per cent of the convective heat
flux over a range of operating conditions that
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Table 1. Experimental conditions for argon flow through a cooled tube 1, = 0975 in.

Test No.
51-H 59-H 63-H

Hy;, Btu/lb 1760 1800 1280

H,/Hy; 0040 0039 0055
piw.D
Rep, = "o 450 560 590
ﬂl

M, 0076 0073 0072

al
(—,) Ionization energy fraction 0017 0019 00003

i

P PSia 420 593 409
i, Ibfs 000944 00126 0-0104
T, °R 13900 14200 10 300

1

span the experimental conditions considered
herein (pressures from 1 to 6 psia, temperatures
from 5600 to 17000°R enthalpies from 700 to
2400 Btu/Ib and a highly cooled wall, H,, =~ 0-05).
Confidence in the internal flow conditions was
established by the good agreement between
the average enthalpies determined from the
probe data and the energy balance as well as
the good agreement of the gas temperature
determined from the probe data based on
assumed equilibrium conditions and the excita-
tion temperature determined from spectro-
scopic measurements of intensities of atom
lines by the relative line intensity method [1].
The wall heat flux was determined by calori-
metry in circumferential coolant passages. A
very good check was found (within 1 per cent)

_a_gg ?’; 420 1f000, osi T T
228 - 419 @@1—@ oGGO@@OOOO@OO 0]
5 X 418 i
025 T T T T T T
020 k- Test Si-H —
®o 4
: ;w1 Btu/ib
2 & gashb Laminar Hr 21760 —
5 tube fiow
Pl
22 o10}b
Z®
F., 005k
L-2
0 | ! | I | L
0 2 4 ] 8 10 12 14

Axial distonce, £z —%

-

Fic. 1. Wall static pressure and heat flux distributions
along the tube.

between the total heat load to the entire
apparatus that was externally cooled and the
applied power to the three arc heaters upstream
from which the heated argon discharged radially
into a plenum chamber. The mixed, high
temperature gas was then accelerated through
a short, bell mouth contraction section with a
contraction area ratio of 53 before entering
the tube. A choked nozzle was attached to the
downstream end of the tube. The effect of free
convection was not believed to be significant
by inference from the good agreement between
the caiculated and measured wall heat fluxes
that will be shown subsequently.

Pressures were measured along the length
of the tube with 24 silicone oil manometers
(specific gravity 0-93) that are believed to be
accurate to a pressure difference of 0-001 psi.
There appears to be a slight increase in pressure
along the tube as indicated by the test shown
in Fig. 1 (51-H) and this was also found for the
other two tests (59-H and 63-H) where the rise
amounted to 0-002 psi. This pressure rise how-
ever is small e.g. the pressure term (%) P(p — 1)/I M,
that appears in the integral form of the momen-
tum equation (16) amounts to 0-025 at the end
of the tube for test 51-H, and therefore a uniform
pressure condition along the flow was utilized
in the majority of the numerical calculations.
In another investigation of a very high tempera-
ture gas flow through a cooled, rectangular
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cross-sectional area channel [24], the pressure
was also found to be essentially constant along
the channel whose length was 40 hydraulic radii.

The nearly uniform pressure that is found in
the entrance region of these very high tempera-
ture gas flows through cooled tubes is believed
to primarily result from the negligible change
in the effective core flow area because of shear
layer development. As will be subsequently
seen the mass flux in the shear layer is hardly

025 [ T T I i I

Test 59-H
H,; =1800 Btu/lb

0-20
Laminar

015~ tube flow

010 +—

Btu/s in?

005 -

G

0-20 T { T | ] f

015 b Test 63-H -

Hy, 51280 Btu/Ib

610

Wall heat flux,

0-08 -

Axial distance, &= —7:-—-
»

FiG. 2. Wall heat flux distributions along the tube at other
conditions.

changed from its core flow value and therefore
the displacement effect is small. This is unlike
the situation found in tube flows with little
or no heat transfer where pressure drop occurs
as the core flow is accelerated by virtue of the
mass flux deficit in the shear layer.

The contraction section preceding the tube
is believed to have produced a nearly uniform
flow with a relatively thin boundary layer from
which the numerical calculations were initiated
by assuming uniform axial velocity and enthalpy
profiles there. Appendix C contains a discussion
of the numerical parameters used in the calcula-
tions. The results which were obtained by using
the following properties for argon with negligible
ionization Pr =%, @ =2, y = § are discussed
in this section.
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Fi1G. 3. Energy fractions along the tube.

The heat flux to the tube wall, the important
result which governs the cooling requirements
and energy loss from the flow, is shown in Fig. 1
for test 51-H. The numerical predictions are
seen to be in excellent agreement with the
measured heat fluxes along the tube, and this
correspondence applies as well to the two other
tests 59-H and 63-H, at somewhat different
inlet conditions, that are shown in Fig. 2. The
energy loss to the wall is relatively large in the
flows considered as indicated in Fig. 3 by the
fraction of energy remaining in the flow at any
axial location. By the end of the tube about
40 per cent of the energy in the inlet flow was
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F1G. 4. Centerline velocity and enthalpy distributions along

the tube.
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lost by heat transfer to the tube wall. The dif-
ference between the solid and dashed curves
shown in Fig. 3 indicate the degree to which the
overall energy balance given by equation (17)
is satisfied by the numerical calculations. Al-
though this check is not precise, the agreement
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is considered to be satisfactory for the very high
temperature flows considered.

The centerline distributions of velocity and
enthalpy along the tube are shown in Fig. 4 for
test 51-H. Immediately downstream of the inlet
the centerline velocity begins to decrease and
the flow decelerates there presumably because
of the relatively large amount of wall cooling
that causes the mass flux in the wall region to
exceed the centerline value. This is seen in Fig. 5
where the radial distributions of mass flux are
shown. To satisfy the mass flow constraint, the
mass flux and thus the velocity in the center
portion of the tube decreases below the inlet
value as can be observed in Fig. 6 where the
velocity profiles are shown. However, the
thermal penetration is considerably less in the
inlet region (Fig. 4) and the centerline enthalpy
is not reduced by some prescribed amount, say
1 per cent, below the inlet value until a distance
of 8 tube radii is reached. Farther downstream
both the centerline velocities and enthalpies
decrease, and if the calculations were extended
to distances beyond the actual length of the
tube, as they were, the centerline enthalpy
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Fi1G. 6. Velocity and momentum flux profiles across the flow.
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actually decreases more rapidly than the axial
velocity i.e. the curves cross one another at £ of
about 22.

The progressive development of the flow and
thermal distributions that are shown in Figs.
5-7 for test 51-H indicate the change of these
distributions from their uniform values at the
inlet. The slopes of these profiles become
successively smaller near the wall in a way not
basically different from that found for boundary
layer growth over a surface, although in the
inlet region the velocity in the center portion
of the flow is reduced below its inlet value while
the enthalpy remains the same. There is gener-
ally good agreement between the predicted
profiles and probe measurements at £ = 3-22.
At the end of the tube, & = 14-07, both the flow
and thermal penetrations are appreciable. As
mentioned before the calculations were carried
out to a larger value of ¢ =40, and in this
vicinity there appeared to be the onset of a
region of fully developed flow in the sense
proposed by Mirels [25] for a low speed, high
temperature gas flow through a highly cooled
channel ie. that the velocity and enthalpy

profiles become similar across the flow when
normalized by their local centerline values. The
momentum flux profiles (Fig. 6) like the enthalpy
flux profiles (Fig. 7) indicate the progressively
larger momentum defect in the flow caused by
the wall shear stresses. In this regard the mo-
mentum losses are similar to the energy losses
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as seen in Fig. 8 where the momentum fractions
are shown. Again the overall check on the
momentum balance, equation (16) is considered
to be satisfactory for the kind of flow considered.

Having found good agreement between the
predictions and experiments, attention is focused
on the more general question of how to represent
the predictions over a range of conditions so
that they can be utilized to indicate the influence
of the various parameters. The choice in this
regard is based on consideration of a simpler
constant property, low speed form of the energy
equation for a uniform flow that then involves
only a balance between axial convection of
energy by the mean flow and radial heat con-
duction. The change in the enthalpy profiles
across the flow then depends upon the non-
dimensional axial coordinate

z 1 1

= = DRe,, Pr 20

as also do the non-dimensional wall heat fluxes
or Nusselt numbers obtained from the slope
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of the enthalpy profiles at the wall

DPr
7
The non-dimensional wall heat flux distribu-

tions along the tube are shown in terms of Q

and £ in Fig. 9. In the initial portion of the

entrance region the tube flow predictions ap-
proach the solutions from a laminar boundary
layer analysis. From [2] the laminar boundary
layer prediction for low speed flow is of the form

/ wiz\# H
— ,(" 'W,'Z> Prt =A(w,Pr, —)
(H;, — H)) pwi\ K H;

Translation of this prediction to the representa-
tion of Fig. 9 gives

q. DPr ANz 1 1\7%
w (22 ——-2) . @
(Pr*) (D Re, Pr @)

(H, - H) u

This prediction is shown in Fig. 9 for the values
of wall cooling ie. H /H, indicated: for a
larger range of wall cooling, values of 4/Pr?
are given in Table 2. In the inlet region the tube

q,
(H,, — H,)

0= @1)
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itow predictions are in close agreement with
the boundary layer prediction and the experi-
mental data. There is a tendency for the tube

Table 2. Variable property laminar boundary layer predictions
with wall cooling; low speed flow, w = 3, Pr = ¢

H—:v 0-01 0-04 02 06 1-0

13

A 0-367 0-364 0354 0339 0329
A

— 0-393 0-389 0-379 0363 0352
Pyt

flow predictions to approach the boundary
layer prediction from below in the inlet region
and this is believed to be caused by an under-
estimate of the actual slopes of the enthalpy
profiles at the wall immediately downstream of
the inlet where the enthalpy profiles are very
steep near the wall. This apparently occurs in
spite of using the small radial mesh spacing and
extrapolation procedures described in Appendix
A for obtaining the slopes of the profiles at the
wall. The difference may also be attributable
to some extent to flow deceleration which
occurred in the inlet region. Farther downstream
the thermal penetration extends to the centerline
and the driving potential for heat transfer is
less than the difference (H;, — H,) just down-
stream of the tube inlet. Consequently, the
boundary layer prediction overestimates the
heat transfer and agreement with the experi-
mental data is afforded by the tube flow predic-
tion.

40 1 T 71T I T 1777 T T 77
{.aminar boundary
20+ ~ layer, equation {23) -
& ol | 8 =037 [2]
3 - £=1/2 -
N 61— Test Si-H -
Al X 4} Hp;= 1760 Btu/Ib -
O ~
e 2 Laminar ) |
tube flow £=14
1 | LoLLd | [ i [
2 4 6 2 4 8 2 4 8
1ot 103 10?2 i3
L !
o Rep,
Fic. 10. Non-dimensional wall shear stress distribution.
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A similar representation for the wall shear
stress distribution is shown in Fig. 10. The
laminar boundary layer prediction for low
speed flow [2]

T, piwiz\* _8lw H,
W)\ ) T\UH,

when translated to the representation of Fig.
101is

T, z 1 \7%
e oms) @
The behavior of the tube flow prediction
relative to the boundary layer prediction is
very similar to that found for the non-dimen-
sional heat flux; however, it always lies below
the boundary layer prediction because the
velocity in the center portion of the tube in the
inlet region is diminished because of wall
cooling.

Application of the method described in
Section IV to test 51-H to calculate the pressure
distribution as well yielded a predicted pressure
rise along the tube from the first pressure tap
at & = (08 to the last tap at ¢ = 13-8 that
amounted to

A 1
Ap,_, = ZAp = ”p‘-z = 000054

’
i

or
Ap'_, = 00023 psi.

However, for this test the measured pressure rise
of 0-001 psi was less (Fig. 1), aithough the dis-
crepancy would be smaller for the other tests
(59-H and 63-H) where the measured pressure
rise was 0002 psi. Because of the predicted
pressure rise the overall check on the momentum
balance equation (16) yielded lower values for
the term

4
R Y )

1
IM; 2 IMi

than shown in Fig. 8 for test 51-H for the case
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of a nearly uniform pressure: the values so
obtained near the end of the tube were about
one-half as much below those for I,,/I,, (solid
curve) as the values for a uniform pressure were
above (dashed curve). The centerline velocities
were higher (Fig. 4) but the difference was small
amounting to no more than 1 per cent by the
end of the tube; the distribution along the tube
being similar in shape to that shown in Fig. 4
for the uniform pressure case. The overall
energy balance equation (17) differed only
slightly from that shown for the uniform
pressure case (Fig. 3) and the centerline enthal-
pies were virtually the same (Fig. 4). Both the
predicted wall shear stress and heat flux were

o7 TT1IT T TTIT 17 TTI7T T TTT
Laminar boundary -

layer, equation (22)
Re, =500
£=1/2 ’ _
- Lafninar

tube flow

O Pr

B
- aO O
&
©

4 Reg Pr

Fic. 11. Effect of Reynolds number on the non-dimensional

wall heat flux distribution: Pr = % o = 2, y = , uniform

inlet profiles, M, =01, constant pressure, H_ =004,
£1020.

within 3 per cent of those obtained for the
uniform pressure case, and consequently, at
least for the experimental conditions herein,
there is little difference in the wall friction and
heat transfer predicted from either method of
calculation.

Since the range of Reynolds numbers spanned
by the experimental data is not large, an
appraisal of the effect of Reynolds number on
the non-dimensional heat flux Q in the E
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representation is shown in Fig. 11. In the region
where the predictions overlap one another in Z,
the tube flow predictions virtually coincide
with each other, thus indicating the utility of
the representation shown. In these calculations
the pressure was taken to be constant along the
tube. This coincidence is also indicated by a
different choice of dimensionless independent
and dependent variables [3] than used herein,
for the situation where the contribution of the
radial velocity component to the kinetic energy
in the stagnation enthalpy expression (nomen-
clature) is negligible ie.

W) (W)
5 <73

This is usually the case unless the Reynolds
number is relatively small.

For the range of Mach numbers considered
(viscous dissipation) the non-dimensional heat
flux shown in Fig. 12 is scarcely influenced. The
tube flow prediction at the larger Mach number
of 0-75 lies just barely below the lower Mach
number prediction of 0-1. The flow speed para-
meter K was 0-32 for the higher Mach number
inlet condition of 0-75 and this corresponds to a
ratio of kinetic energy to total enthalpy of 0-16,
a value however, that is not very large. The

WOr-TIT T T TIT T T 11T T T 1T
20 - = -
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Y L -
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s leminor boundary
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Fi1G. 12. Effect of Mach number (viscous heating) on the non-

dimensional wall heat flux distribution: Pr=% o =%

y = £, uniform inlet profiles, Re, = 500, constant pressure,
H, =004, ¢1020.
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pressure was taken to be uniform along the
tube.

VL. SUMMARY AND CONCLUSIONS

A numerical procedure for the solution of the
differential form of the laminar flow equations
on a finite difference basis was described and
applied to the calculation of a high temperature
gas flow through the entrance region of an
externally cooled tube.

The predictions were compared to experi-
mental measurements and good agreement was
found for the wall heat flux—the important
result which governs the cooling requirements
and energy loss from the flow—and the internal
flow and thermal distributions. The flows
considered are characterized by relatively large
energy and momentum losses, behaving dif-
ferently than more familiar laminar flows
through tubes with little or no heat transfer.
Because of the relatively large energy loss by
heat transfer to the wall, the gas decelerates
along the tube while cooling and momentum
losses are significant due to wall shear forces
that retard the flow. Both the velocity and
thermal boundary layers grow to the centerline
a few diameters downstream of the inlet and
the core flow becomes non-adiabatic. The
pressure is found experimentally to be nearly
uniform along the flow in the entrance region
(actually increases slightly) and this is believed
to primarily occur because of the negligible
mass flux deficit in the shear flow.

Extension of the calculations to a larger
range of Reynolds number and Mach number
(viscous dissipation) revealed negligible dif-
ferences in the non-dimensionai heat flux O
along tubes in a representation where axial
distance was included in the group £ = (z/D)
(1/Rep, Pr), which also correlated the experi-
mental measurements.

It would appear that the main features of the
numerical method could be employed in sub-
sequent investigations of other aspects of inter-
nal flows that are found in practice e.g. variable
cross-sectional area channels, a partially ionized

LLOYD H. BACK

gas. Higher Reynolds number flows could also
be treated by including turbulent transport of
momentum and heat.
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APPENDIX A

Finite Difference Formulation
By expressing equations (5} and (6) in finite difference
form, the numerical solution can be carried out in the axial
direction £ because of the parabolic nature of the equations,
There are 2 number of ways that finite difference approxima-
tions of the derivatives can be written and these are generally
obtainable from Taylor series expansions about points in
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F1G. 13. Grid system.
a variable mesh grid (Fig. 13).

To obtain the required resolution near the wall as men-
tioned in the Introduction, a variable radial increment that
becomes progressively smaller as the wall is approached
was used. In the notation of Fig. 13 the radial increments
are given by

AL, = kAL,

where the factor k < 1. The radial increment adjacent to the
wall A{,, can then be expressed in terms of k and the number
of increments across the flow M.

1-k
Ay = kM1 .
" (1 —k")

Some values of the radial mesh parameters are given in
Table 3 and are later discussed in Appendix C.

= k™AL, A1)

A2)

Table 3. Radial mesh parameters

M =20 M =40

AL, k AL, AL, kAL
0:001 0747 0254 0001 0885 0116
00025 0792 0210 00025 0912 0090
0005 0829 0176 0005 0935 0071
001 0871 0139 001 0960 0051

The radial derivatives of a variable were approximated as
follows:

of Af, ,
(BC) eyt o(ag,) ] a’3 (A3)
02 A?
(ag—{) = @ kf et of(1 ~ kAL ]06{ (Ad)
where
- Fosr =L =K £, = Ky
A = W+ k) (A5)
O ST (T L O

(12k)(1 + k)
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For a fixed radial increment, ie. k = 1, these relations
reduce to standard central difference formulas. The finite
difference approximation of the symmetry condition along
the axis { = 0 where 8f/8{ = 0, is

p? 14
ot ot
A variable axial increment was used and axial derivatives

were approximated by a three point Lagrangian formula
that can also be obtained from Taylor series expansions.
20, + AL,

<§£) L 288, AL

08 pner AL (AE, + AE,)

(A, + AL,
AE,_AZ,,

) = B0 zmn fo.) + OL(AL, ],

fm.nn -

Aén+
AS, (AL, + Aé,.,J

fm,n + fm.n—l

+ O[(ae, )2] (A7)

sl
This approximation is more accurate than the forward
difference relation

(.2

To attempt to reduce the calculation time, the location
at which radial derivatives were evaluated were weighed
between the n and the n + 1 axial location by the factor o,
i.e. equations (A.3) and (A.4) become

fm,n+l - fm

n f
I 0[] 5

A8

d A A
(_{) g e Maw
6( mato 2(A€1 nk } Z(AL-l a+1k )
&f Afn
vy = =-o0) i
O Jmon+a (AL, Km0
A fm n+ i
o (A.10)
(ACI }H’lkm 1)2
The weighing factor ¢ should range between 1 and 1—a

value of 1 corresponds to the Crank—Nicolson method [26].
Worsoe—Schmidt and Leppert suggest a value of 2, and
Patankar and Spalding [27] in a boundary layer calculation
use a value of 1. Experience with different values of ¢ is
discussed in Appendix C.

The calculation scheme consists of using equations (5)
and (6} to directly solve for the axial velocities and total
enthalpies across the flow at the n + 1 axial location from
the known variables at the prior axial locations n — 1 and
n by a method of successive iterations. The other relations
given by equations (8)-(10) are used to express p, p and T in
terms of w and H, The radial velocities are obtained by
integration of the continuity equation

U= —a(pw {dg

All
C PY (A11)

LLOYD H. BACK

with a backward difference used for the ¢-derivative. To
retain the simple calculation form of the explicit method
whereby values of w and H, at the n + 1 location, denoted
by f, .41 can be directly obtained from the left side of
equations {5} and (6), a different scheme than normally
used was chosen to solve the implicit form of the equations
considered herein. The scheme consists simply of evaluating
the terms on the right side of equations (5) and (6) from the
jth iteration to obtain the j + 1 iterate directly from the left
side of the equations. In functional form the procedure is
given by

+1 j 2 j
3 R O N
For example, for a forward difference in the axial direction
(@f)m Smnrt = S
G AL,

and a similar expression follows for the three point relation
equation (A.7). The term fJ is given by

(A.13)

m,nto

Thwra == fo ¥ afl iy (A.14)

with similar expressions for the radial derivatives equations
(A.9) and (A.10), ie. where Af, .., and A%/, ., are jth
iterate terms. This scheme avoids obtaining a solution of
the system of 2M algebraic equations by matrix inversion that
arises in the implicit method after the non-linear algebraic
equations are linearized and which system also must be
iterated because of the approximate linearized form of the
equations that are solved.

In carrying out the calculations the values of w, H, and u
in the iteration scheme are taken to be average values
between thej + 1 and jth iterations to avoid overcorrections,

f",;:ﬂ‘*' 1= 5 (fi";:nli-l computed + f;’;l.n‘f‘ l]

and for the first iteration, an average value between the
n + 1 and n locations is used

fm,n+l = %[(fm.nﬁ» I)COmpuled + fm, n]'

To start the iteration scheme values of w and H, at the
n + 1 location are obtained by projecting the history of the
flow downstream through linear extrapolation from the
prior » — 1 and » locations. The iteration scheme is con-
tinued until all the variables converge to within some
specified tolerance ¢, i.e.

i+
I < (A.15)
71
or when a variable is very small, |f/*' — f/| <« The

calculation then proceeds to the next axial location.

The input parameters are y, M, Pr, w, Re, the initial
profiles w({) and H({) and either w; or H,, and the thermal
boundary condition H () and pressure distribution p(f)
along the wall for the case where p is prescribed. Specifica-
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tion of y and M, determines P and K from equation {7).
Since the definition of total enthalpy was used in expressing
K in the form of equation {7, it is necessary o specify either
w; ot H; {H, was used} to be able to calculate the remaining
initial quantities w}, T, p}, p} and y; from the definitions of
P, K and Re,, equation (7), and equations (8) and (9). Values
of ¢, and u(T)) are also needed for a particular gas.

The heat flux to the wall and the shear stress at the wail
were obtained from the following expressions

= (T) - ()
¥ "\ ar/, rep N80/,

T LA N T
Tw Ui 727} = {51
ar /., r, \&/,

The siopes of the enthalpy and velocity profiles at the wall
were established by extrapolating a parabola from the three
points nearest the wall to a point halfway between the wall
and the first point away from the wall. A cubic was then fit
through the first two points away from the wall, the extra-
polated point and the point on the wall; and from this
curve fit the slope of the profiles at the wall was determined.
Even with the small radial mesh size pear the wall it was
necessary to use this extrapolation procedure to obtain
accurate heat fluxes and shear stresses; smaller radial
increments yet near the wall resulted in smaller axial incre-
ments and thus longer computation time.

APPENDIX B
Other Numerical Approaches Attempted

As mentioned in Section III an attempt was made to
satisfy all of the global conservation equations (14), (16)
and (17) at each axial step by calculating new values of p,
w and H, across the flow after each iteration from the follow-
ing relations corresponding to conserving mass, momentum
and energy
I'ne

5 = {pw}, N
{I m}:omymieé

{pw}

(I M)mmnenmm balance equation {16}

2 - o2
{{BW §c3rsecied - {53“ }cmpmed 7 3
( Micomputed

LLOYD H. BACK

{Q Wg .')eon':c(cd

= {{’,WHX ‘computed {fﬂ energy balunce equation {17}

{3 B}empme:ﬁ

Knowing p, w and H, from these three relations, the other
variables conld be calculated. The calculated pressure then
varies radially across the flow as well as along the flow. An
attempt to calculate an average pressure across the flow

t
13=20§p€dc

led to diverging values of 7 as the iteration proceeded at an
axial focation.

An effort was made to calculate the pressure distribution
along the flow by using only the mass flow constraint, as
has been done by others (Section III), but this method also
failed for the high temperature flows considered. The applica-
tion herein involved substituting the density from the
equation of state into the mass flow constraint, and trying
to adjust p(z) to satisfy the mass flow constraint in subsequent
iterations. This method diverged.

Deissler and Presler’s method (Section III) was also
tried, i.e. applying the momentum equation at the wall to
specify the pressure. This method produced reasonable
results for a nearly constant property flow as was alse found
by Deissler and Presler. However, the method failed with
appreciable wall cooling because a significant increase in
wall pressure was predicted whereas none was observed
experimentally. In the prediction a uniform radial increment
was used. The method was not tried with variable radial
mesh spacing.

APPENDIX C
Numerical Calculation Parameters

A description of the values of the numerical parameters
that were used in the uniform pressure calculations is
contained in Table 4 along with comments pertaining to
the interrelation between the parameters. The numerical
values noted reflect much trial and error experience for
which the actual computation time was considerably
greater than those times shown for the final calculations.
A UNIVAC 1108 computer was used in the caleulations.

ECOULEMENT LAMINAIRE A TRES HAUTE TEMPERATURE D'UN GAZ A TRAVERS
LA REGION D'ENTREE D'UN TUBE REFROIDI
CALCULS NUMERIQUES ET RESULTATS EXPERIMENTAUX

Résumé—On résout numériqguement sur calculateur digital les équations aux dérivées partielles de
I'écoulement laminaire d’un gaz & trés haute température & travers la région d’entrée d’un tube refroidi
extérieurement. On décrit la méthode de résolution et les calculs sont menés en relation avec les mesures
experimentales. Les résultats indiquent des pertes relativement grandes d’énergie et de quantité de
mouvement dans les écoulements fortement refroidis ot Ia pression est presque uniforme le long de
Pécoulement et o écoulement du noyau devient non adiabatique guelques diamétres en aval de Penptrée,
ce qui est en bon accord avec Uexpérience. On étudie aussi les effets d’un large domaine du nombre de
Reynolds et du nombre de Mach {dissipation visqueuse}.



HIGH TEMPERATURE LAMINAR FLOW

LAMINARE STROMUNG EINES GASES MIT SEHR HOHER TEMPERATUR DURCH DAS
EINTRITTSGEBIET EINES GEKUHLTEN ROHRES.

NUMERISCHE BERECHNUNG UND EXPERIMENTELLE ERGEBNISSE

Zusammenfassung—Die Gleichungen in differentieller Form fiir die laminare Stromung eines Gascs mit
sehr hoher Temperatur durch den Eintrittsbereich eines aussen gekiihiten Rohres wurden numerisch
mittels eines Digitalrechners gelost. Die Losungsmethode wurde beschrieben und Berechnungen zusammen
mit experimentellen Messungen durchgefiihrt. Die Ubereinstimmung mit dem Experiment ist gut; das
Ergebnis zeigt einen relativ hohen Energie- und Impulsverlust in der betrachteten, stark gekiihlten
Stromung, wo der Druck entlang der Strémung fast konstant bleibt und der Strémungskern um einige
Durchmesser stromungsabwirts vom Eintritt nicht adiabat wird. Die Einfliisse eines grossen Bereichs
der Reynolds- und Machzahien (viskose Auflosung) wurden ebenfalls untersucht.

JIAMUHAPHOE TEUYEHHUE CUJILHO HATPETOIO I'A3A YEPE3 BXOJHO
YYACTOK XOJIOZHON TPYBLI. YUCJEHHBIE PACUETH U
SHCHEPUMEHTAJBHBIE PE3VIBTATHI

Annoramma—'nucaenso pemeHa cucreMa audepeHUMAILHHIX YPABHEHHN, ONUCHBAIOIMX
JaMHUHApHOe TeYeHHe CHILHO HAIPETOro rasa BO BXOAHOM YYaCTHEe OXJIAMAaeMOH CHApYMHu
Tpy6ui. Onmcan Meroy pemeHHA. OJHOBPEMEHHO C PACYETAMM IPOBOLMIIUCH BKCIEPUMEH-~
TalpHble M3Mepenud. [loaydeno xopoiree coriacue TeOPETHYECKUX M DKCIIEDPUMEHTAIBHBIX
MAHHHX. Peayabrar aHasm3a CBHAETENLCTBYET 06 OTHOCHTEJLHO GONBLIIMX MOTEpAX SHEPIUH
U KOJNYECTBA NBWKEHWA CMIBHO OXJAKIEHHBIX NOTOKOB, B KOTOPHIX JaBJIEHME INOYTH
HOCTOAHHO BROJb [OTOKA, & AJZPO NOTOKA CTAHOBUTCA HeauuabaTUYHBIM Ha pacCTOAHMM
HECKOJIBKAX AMaMeTpoB oT Bxoja. Mcciuepopanes mupornit nuanason uncen Pelinonspca u
Maxa (BasKaA guccHanus).
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